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1 Introduction 



Let G be a finite group. Let x an d ip be irreducible complex characters, 
i.e. irreducible characters over the complex numbers. Since a product of 
characters is a character, x^P is a character. Then the decomposition of the 
character xi> into its distinct irreducible constituents ot\, ct2, . . . ,a n has the 
form 



where n > and a, > is the multiplicity of for each i = 1, . . . , n. Let 
vix^P) = nbe the number of distinct irreducible constituents of the character 
Xip- Denote by Ker(xip) the kernel of the character x^- Also denote by 
dl(Ker(a)/Ker(xV')) the derived length of the group Ker(a)/Ker(xV ; )- 

Given % € Irr(G), let x be the complex conjugate of x, i-e. x(g) = x(o) 
for all g G G. In Theorem A of PP, it is proved that there exist universal 
constants Co and Dq such that for any finite solvable group G and any 
X € Irr(G) we have that dl(G/Ker(x)) < CqT}{xx) + A)- The following 
generalizes that result and it is the main result of this paper. 

Theorem A. There exist universal constants C and D such that for any 
finite solvable group G, any irreducible characters x an d ^ °f G, and any 
irreducible constituent a of x^, we have 



In Theorem 12.81 we prove that we may take C = 2 and D = — 1 if the 
group G in Theorem A is, in addition, supersolvable. 

Theorem B. Let G be a finite group and x, if> G Irr(G) be characters. If 
(x(l),V ; (l)) = 1; then dl(Ker(a)/Ker(x-0)) < 1 for any irreducible con- 
stituent a of the product x^ ■ 



n 




i=l 



dl(Ker(a)/Ker(xVO) < Cn(x^) + D. 



2 



Thus if (x(l)j "0(1)) = 1) then the irreducible constituents of the product 
Xip are "almost" faithful characters of the group G/ Ker(xip)- 

Acknowledgment. I thank Professor Everett C. Dade for helpful dis- 
cussions. I also thank the referee for her/his suggestions for improving the 
presentation of this work, and especially for shortening the proof of Theorem 
A. 

2 Proof of Theorem A 

We will be using the notation of 2 . In addition, we write M C JV if M is 
a subgroup of N. Also M <Z N denotes that M is a proper subgroup of N. 

Definition 2.1. Assume that G acts on a finite vector space V . We define 
m(G, V) as the number of orbits of nonzero vectors under the action of G. 

The key tool for the proof of Theorem A is the following. 

Lemma 2.2 (Keller). There exist universal constants A and B such that 
for any finite solvable group G acting faithfully on a finite vector space V 
we have that 

dl(G) < Am(G, V) + B. 

Proof. See 0. □ 

We emphasize that the result of Keller is much stronger than Lemma 
12.21 He proved that the derived length of G is bounded by a logarithmic 
function of the number of different sizes of G-orbits on V . 

Definition 2.3. We define the function / by 

f{n) = An + B, 
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for any integer n > 1, where A and B are as in Lemma 12.21 

Definition 2.4. Let G be a finite group and M and N be normal subgroups 
of G such that M C N. Let 6 £ Irr(iV). We say that (N,M,9) is an 
extreme triple of G if for any normal subgroup K of G such that M C 
if C JV, we have that 0# is irreducible but 6m is reducible. 

Observe that given N < G and a nonlinear character 6 Irr(iV) of N, 
we can always find M < G such that (TV, M, 0) is an extreme triple. 

Lemma 2.5. Let (N, M, 9) be an extreme triple of G and suppose M C L C 
iV, where L<G and L/M is abelian. Then C^im{L/M) is abelian. 

Proof. By definition of extreme triple, we have that 6l € Irr(L) and is 
reducible. Since L/M is abelian, by Theorem 6.22 of j2] we have that there 
exists a subgroup [/ containing M such that C/ has prime index in L and Qy 
is reducible. Since 0[/ is reducible and \L : U\ = p, we have that #[/ is a sum 
of p distinct irreducible characters of U. Let (p € Irr(C/) be an irreducible 
constituent of On . 

Let C = Cat (L/M). Note that L C C and thus f7 < C and C G Irr(C). 
It follows that \C : CU = p and C = LC^. Since L centralizes C/M, we 
see that C^, < C and C/C v is abelian. Then MC" C C v and thus 0mC is 
reducible. Since MC' < G, it follows that MC" = M. Thus C C M as 
wanted. □ 

We introduce more notation. If N/M is a normal section of G and A 
is a character of G, we write Sa(N/M) to denote the (possibly empty) 
set of those irreducible constituents a of A such that M C Ker(a) and 
N % Ker(a). 
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Lemma 2.6. Let (N, M, 9) be an extreme triple of G, where N/M is solv- 
able. Assume that 99 is (not necessarily irreducible) constituent of A^r, 
for some character A of G. Then S&(N/M) is nonempty, and the derived 
length of N/M is at most 1 + f {\S &{N / M)\) , where f is the function as in 
DefinitionWl\ 

Proof. Since N/M is solvable and non-trivial, we can choose L <j G with 
M C L C N such that L/M is a chief factor of G. Also, as in the previous 
lemma, we know that there exists a subgroup U containing M and of prime 
index p in L such that 9\j is a sum of p distinct irreducible constituents. 
Thus 9 vanishes on L \ U. Since 9l is iV-invariant, 9 vanishes on L \ D, 
where D is the intersection of the iV-conjugates of U. Since M C D C L 
and D < N, we can choose a chief factor L/K of N such that D C K, and 
thus 9 vanishes on L\K. 

Write <p = 9l € Irr(L) and let A be a nonprincipal linear character of 
L/K. Then tp\ = ip, and this A is a constituent of (pip, which in turn is 
a constituent of A^. It follows that A is a constituent of a^, where a is 
an irreducible constituent of A. In particular, we see that a G S&(N/M), 
which is therefore nonempty. 

Set H = N G (K). Observe that H D N. All members of the i/-orbit of 
A are linear constituents of oil having kernels containing K. Conversely, we 
show that if v is any linear constituent of oll such that K C Ker(^), then 
v lies in the ff-orbit of A. Certainly v = X 9 for some element g G G, and 
thus v is nonprincipal. Also, since K C Ker(A), we see that K 9 C Ker(i^). 
We assumed that K C Ker(z^), and thus KK 9 C Ker(i/) C L. Observe that 
KK 9 < N since K 9 C N 9 = N and K is normal in N. Since if-fT 9 < N and 
L/if is a chief factor of iV, it follows that K = K 9 and thus g G H. We see 
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now that for each If -orbit of nonprincipal linear characters of L/K, there 
is a member of S A (N/M) that lies over all members of this orbit and over 
no other linear character of L/K. It follows that the number of -ff-orbits on 
L/K, which is the same as the number of ff-orbits of linear characters of 
L/K, is at most \Sa(N/M)\. By Lemma l2.21 therefore, the derived length of 
H/C H (L/K) is at most f(\S A {N/M)\). Set m = f(\S A (N/M)\). Then the 
derived length of N/C N (L/K) is at most m and thus iV~( m ) C C N (L/K). 
Since [L, C A, A C L, L/M is a chief factor of G and [L, N^]<G, we 

see that [L,iVM] c M. Thus centralizes L/M. Since C N/M (L/M) is 

abelian by the previous lemma, it follows that N^ m+1 ^ C M, as desired. □ 

Lemma 2.7. Let G be a finite group and %i € Irr(G). Let a € Irr(G) be 
an irreducible constituent of the product an ^ K = Ker(a). Then there 
exists some 9 G Irr(A) such that [xk, 9] ^ and [ipg, 9] ^ 0. 

Proof. Since K = Ker(a), we have that ax = . Thus 

a(l)[(x^)jc, Ik] = [W)k, (<*)k] > 0. 

Therefore there exist 9, a £ Irr(A) such that [xx>#] 7^ 0, [^_r-,<t] 7^ and 
[9 a, Ik] 7^ 0. Since 9 and cr are irreducible characters and [9 a, Ik] = [9, a] > 
0, we conclude that 9 = a. Thus [tl)Ki @] 7^ 0- ^ 

Proof of Theorem A. Write A = an d n = ^(xVO- Note that we can 
assume that A is faithful. Let K = Ker(a) so that our task is to show that 
the derived length dl(A) is bounded by a linear function on n. By Lemma 
\2.7\ we can choose a character v £ Irr(A) that lies under both x an d 4>- 
Also we see that if iV < G and N C Ker(z/), then N C Ker(A) and thus 
N = 1. 
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Write Kq = K. If f is nonlinear, we can choose a subgroup L such 
that (A, L, v) is an extreme triple of G. Write K\ = L and let v\ be an 
irreducible constituent of vj_,. If v\ is nonlinear, we can repeat the process 
and choose an extreme triple of G of the form (K\ , K2 , i>i) . Continuing like 
this, we obtain a series K = Kq D K\ d • • • D K r of normal subgroups of G 
and characters Vi £ Irr(Aj) such that (ATj, ifj+i, fj) is an extreme triple for 
< i < r and where v r is linear. Also, we know that for each subscript i, 
the character Ui is a constituent of 1^, and thus lies under both x an d 
^. It follows that Vjpl is a constituent of Aj^. Therefore by Lemma 12,61 
the sets S&{Ki/ '-Kj+i) are nonempty for < i < r. Since they are certainly 
disjoint and a lies in none of the sets S&{Ki/ Ki + \), we have that r < n. 
Also, writing S{ = |SA(-fQ/-fQ+i)|, we see that Yl s i < n - 

By Lemma [2. 61 the derived length of Aj/Aj + i is at most l + /(sj). Also, 
because f r is linear, we see that (K r )' C Ker(z/ r ). Since (K r )' <G, it follows 
that (AT r )' ^= Ker(A), and hence (K r )' = 1 and A r is abelian. We see 
now that the derived length dl(K) is at most 1 + Yli=o 0- + f( s i))- Since 
f(x) = Ax + B, we have that dl(A) < A £ Sj + rB + r + 1. But J] Sj < n 
and r < n, and so dl(A) < (A + l? + l)n + l. The proof is now complete. □ 

Theorem 2.8. Let G be a finite supersolvable group and xV' € Irr(G) be 
characters of G. Let a € Irr(G) be any constituent of the product x^- Then 

dl(Ker(a)/Ker(xVO) < 2??(xV0 ~ 1- 

Proof. Set if = Ker(a) and n = T](xip). We choose a character € Irr(A) 
that lies under both x an d ^. As in the proof of Theorem A, we obtain a 
series K = Kq D A'i D • • • D A r of normal subgroups of G and characters 
z/j G Irr(Aj) such that (Aj, Aj+i, Uj) is an extreme triple for < i < r 
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and where v r is linear. As before, we have that r < n and K r j Ker(xVO is 
abelian. 

For < i < r, let Li < G such that Ki C Li C and Li/Ki is a chief 
factor of G. Since G is super solvable, we have that Li/Ki is cyclic of prime 
order and therefore G/Ca(Li/Ki) is abelian. Thus &\(Ki/ Ki + \) < 2 for 
< % < r. Therefore 

r 

dl(K/Ker(xV)) <J2 dl ( K i-i/ R i) + dl(K r /Ker(x^)) < 2r + 1. 
i=l 

Since r < n, we conclude that dl(iT/ Ker(xV') < 2(n — 1) + 1 = 2n — 1 and 
the proof is complete. □ 



3 Proof of Theorem B 



Proof of Theorem B. Set K = Ker(a). Let € Irr(X) be as in Lemma 12.71 
Since [xk, 0] ^ and [V'K", 0] ^ 0, and if is normal in G, we have that 0(1) 
divides both x(l) and ^(1). Since (x(l),tp(l)) = 1, it follows that 0(1) = 1. 

Observe that [K,K] C Ker(0) C if since 0(1) = 1. Also observe that 
[K, K] is normal in G since K is normal in G. Since is an irreducible 
constituent of x> [-^ ^] C Ker(0) and [K, K] is normal in G, we have that 
X[K,K] = x(l)l[K,K]- Similarly we can check that ip[ K ,K] = i>(X)l[K,K\- 
Thus [K, K] C Ker(xV') ^ Therefore K/ Ker(xV0 is abelian and thus 
dl(Ker(a)/Ker(xV')) < 1- □ 

Example 3.1. Let G be a solvable group and x, ^ € Irr(G). Assume that 

dl(Ker(a)/Ker(xVO) < 1 

for all irreducible constituents a of the product xV*- Then we do not neces- 
sarily have that (x(l),V'(l)) = 1- 
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Proof. Let p be an odd prime. Let E be an extra-special group of order p 3 . 
Choose a character x £ Irr(-E) such that x(l) = P- Let ip = x- Observe that 
Ker(xV0 = Z(E). Also observe that (x(l), ^(1)) = x(l) = P- Since E/Z(E) 
is abelian, for all the irreducible constituents a of the product x^i we have 
that dl(Ker(a)/Ker(xVO) = 1- □ 



4 Further results 



Assume that G is a finite group and x, ^ are irreducible characters of G such 
that the product xV' nas a linear constituent a. Observe that ax € Irr(G) 
since a(l) = 1 and x £ Irr(G). Since = [xV'; ] > 0, we have that 

V> = <XX I n particular x(l) = ^(1)- If, in addition, the group G is solvable, 
more information is available about x(l)- Since a(l) = 1, by Exercise 4.12 
of [2] we have that [xVs a ] = 1- If X^(l) 7^ 1; by Proposition I4.HI there exists 
a character (3 € Irr(G) such that ^ a and \J3, xM = I- 

The main results of this section are Propositions 14.21 and 14 .'A\ Those are 
corollaries of Theorem B and C of [Q and Lemma 14.11 

Lemma 4.1. Let G be a finite group and xip £ Irr(G). Set 

n 
i=\ 

where n > and aj > is the multiplicity of c%i G Irr(G) in x'P, for each 
i = 1, ... ,71. 

If ai(l) = 1, then the irreducible constituents of the character XX are 
Iq, ~ol\U2, cc[a.2, ■ ■ ■ ,aia n , and 

n 

XX = a-il G + ^2 «i(«T«i) 

i=2 
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where n > and ai > is the multiplicity of a.\Gti in XX- I n particular, 

n{xf) = v(xx)- 

Proof. Observe that a±x £ Irr(G) since cti(l) = 1 and x £ Irr(G). Since 
[V>,aix] = [x^>, ai] > 0, we have that ip = a\X- 

Since ip = a±x and a± is a linear character, we have that = a\ 

and 



Observe that ZFfaj £ Irr(G) since a\ is a linear character and ctj G Irr(G). 
Also observe that oiOj ^ oTfaj if on 7^ ay. Thus the distinct irreducible 
constituents of XX are 1g = oT«i) 0102, a±a2, ■ ■ ■ ,aia n , and a, is the 



Proposition 4.2. Lei G 6e a finite solvable group. Let x>ip £ Irr(G) iwii/i 
x(l) > 1. If the product x^P has a linear constituent, then x(l) = V'(l) anc ^ 
x(l) /ias mosi ^(xVO ~~ 1 distinct prime divisors. 

If, in addition, G is supersolvable, then x(l) i- s a product of at most 
vOcP) ~~ 2 primes. 

Proof. By Theorem C of PP, we have that x(l) has at most rj(xx)~ 1 distinct 
prime divisors. Also by Theorem C of [b if, in addition, G is supersolvable, 
then x(l) is a product of at most 77 (xx) — 2 primes. Thus the result follows 
from Lemma 14. II □ 

Proposition 4.3. Let G be a finite solvable group and x, ip G Irr(G) toiift. 
x(l) > 1. Assume that the product xip has a linear constituent ct\ and the 
decomposition of the character x"P into its distinct irreducible constituents 



n 




multiplicity of a.\cti in XX- 



□ 
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ai, (*2, ■ ■ ■ ,a. n has the form 

n 

x4> = ^2 aiCii 
i=i 

where n > and ai > is the multiplicity of a, for each % = 1, . . . , n. 
Then a\ = [ai, xV] = 1 an ^ 1 € {a^ | i = 2, . . . , n}. 

Proof. Let {6i G Irr(G)* | i = 2, . . . , r](xx)} be the set of non-principal 
irreducible constituents of XX- If Ker(#j) is maximal under inclusion among 
the Ker(#j) for i = 2, . . . , n, then [xXi Qj] = 1 by Theorem C of [J. Thus 
1 € {[XXi 8i] \ i = 2, • • • , n}. The result then follows from Lemma l4~Tl □ 

References 

[1] E. Adan-Bante, Products of characters and derived length, J. Algebra 
266 (2003), 305-319. 

[2] I. M. Isaacs, Character Theory of Finite Groups. New York-San 
Francisco-London: Academic Press 1976. 

[3] T. M. Keller, Orbit sizes and character degrees III, J. Reine Angew. 
Math 545 (2002), 1-17. 



11 



